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o ■ Abstract 

We find a general class of pp-wave string solutions with NS-NS H3 or R-R F3 field 
strengths, which are analogous to solu tions with non-constant F5 recently considered by 
Maldacena and Maoz (|hep-th/0207284|) . We show that: (i) all pp-wave solutions supported 



^ ■ by non-constant H 3 or F p fields are exact type II superstring solutions to all orders in a'; 

(ii) the corresponding light-cone gauge Green-Schwarz actions are non-linear in bosons 
but always quadratic in fermions, and describe UV finite 2-d theories; (iii) the pp-wave 
backgrounds supported by non-constant F3 field do not have, in contrast to their in- 
field counterparts, "supernumerary" supersymmetries and thus the associated light-cone 
GS actions do not possess 2-d supersymmetry. We consider a specific example where 
the pp-wave F3 background is parametrized by an arbitrary holomorphic function of one 
complex bosonic coordinate. The corresponding GS action has the same bosonic part, 
similar Yukawa terms but twice as many interacting world-sheet fermions as the (2,2) 
supersymmetric model originating from the analogous F5 background. We also discuss 
the structure of massless scalar vertex operators in the models related to iV = 2 super 
sine- Gordon and N — 2 super Liouville theories. 
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1. Introduction 

Finding new string models with Minkowski signature which are exact in a' and whose 
spectrum can be explicitly determined is of great interest from the point of view of better 
understanding of string theory in curved (cosmological, black-hole, etc.) backgrounds. 

One class of such models has metric admitting a covariantly-constant null Killing 
vector. Many of such pp-wave backgrounds with metric and other fields having "null" 
structure are simple examples of a'-exact solutions of string theory (see || for a 
review) . 

Some of these backgrounds give exactly solvable (in terms of free oscillators in light- 
cone gauge) non-compact curved-space superstring models, for which one can find the 
string spectrum and compute some simplest "observables" (partition function, some corre- 
lation functions, etc.) in much the same way as in flat space As was recently realized 
0)H)0Ji]) this solvability property applies to string models corresponding not only to the 
NS-NS but also to certain R-R plane-wave backgrounds. 

It is then natural to look for more complicated cases where the light-cone action is no 
longer quadratic but may be integrable, so that the corresponding string spectrum may 
still be possible to determine. An interesting example of such models (representing a pp- 
wave metric supported by a particular non-constant R-R 5-form background) was recently 
proposed in . 



In this paper we first study a general class of NS-NS models based on pp-wave met- 
ric and "null" 3-form H% background depending on arbitrary harmonic functions b m (x) 
(d 2 b m = 0, m = 1,2, ...) of the transverse coordinates x\. The special case when b m are 
linear in Xi corresponds to homogeneous plane-wave backgrounds with constant H3 field 
(these are, in fact, WZW models fll[]). Another special case which we consider is where 
b m are chosen to be holomorphic functions of complex combinations (zi = X\ + 1x2, ■■■) of 
coordinates Xi. The R-R counterpart of this background - with H3 replaced by the R-R 
3-form F3 - is the direct analog of the Fs-solution of |10|| . 

We shall demonstrate that all such backgrounds (both the NS-NS and the R-R ones, 
including the one of [Tl]]) are exact superstring solutions to all orders in a': all correc- 
tions to the leading-order field equations should vanish in a natural scheme. A direct 
world-sheet proof of exactness of the non-constant Fs-background of |I(J (and certain 



other supersymmetric pp-wave backgrounds) was recently given in [12]. The space-time 



argument presented here is universal: it applies to general pp-wave string models with a 



non-constant F p field. 
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The NS-NS models describe a new class of exact string solutions, different from the 
chiral null models || which are also exact in a 1 but in which the form of the B<i background 
is correlated with the off-diagonal terms in the metric. 

For the pp-wave background with a R-R F3 field, the holomorphic functions 
parametrizing the background can be chosen so that the bosonic part of the light-cone 
gauge GS Lagrangian is that of an integrable (e.g., super sine-Gordon or super Liouville) 
model. The same pp-wave metric can be supported by different R-R field strengths, lead- 
ing to solutions with different amounts (and types of) of supersymmetry. In contrast to 
the F5 models of | 10|] , here the fermionic GS extension of the same bosonic light-cone ac- 



tion, while still representing a UV finite 2-d theory, is not (2,2) supersymmetric: in the F3 
case there are twice as many fermions and the coefficient of the Yukawa interaction term 
is smaller by factor of a/2. The corresponding string background preserves 8 space-time 
supersymmetries, whose role in the light-cone gauge is to imply the existence of the same 
number of massless fermions which are decoupled from the rest of the fields. 

There are several reasons which make these non-super symmetric 1+1 dimensional 
models worth of further study. In particular, like their (2,2) supersymmetric counterparts, 
they may turn out to be integrable. This property would allow one to determine the 
corresponding string spectra. Another interesting question is whether the NS-NS models 
describing similar inhomogeneos pp-wave backgrounds, which have an advantage of their 
covariant-gauge action (having as usual (1,1) world-sheet supersymmetry) being explicitly 
known, may also be integrable. 

Before proceeding to the main topic of this paper, let us recall some other previ- 
ously known embeddings of interacting non-conformal 2-d theories (with <i-dimensional 
Euclidean-signature target space) into a'-exact conformal sigma models (with 2 + d di- 
mensional Minkowski-signature target space). 

Given a generic non-conformal sigma model with a curved Euclidean (i-dimensional 
space dsj = gij{x)dx % dx^ as a target space and with the RG beta- function Pij(g) = Rij+..., 
one can construct [|13] a special Weyl-invariant sigma-model (i.e. a string solution) with 
the following 2 + d dimensional Minkowski-signature metric and the dilaton 

d s 2+d = dudv + gij(x,u)dx l dxi , <fi(x, u, v) = v + 4>{u, x) . (1-1) 

Here gij(x,u) is subject to the 1-st order differential equation 

d 

—gij(x,u) = (3ij{g{x,u)) , (1.2) 



which is nothing but the RG equation in the "transverse" <i-dimensional theory, with u 

is 



interpreted as a logarithm of the 2-d UV scale. A class of exact string solutions |T3 
found, in particular, in the case when the transverse model is a (2,2) supersymmetric 
Einstein-Kahler sigma model (for which the /^-function has only the one-loop term) . The 
simplest 2 + d = 4 dimensional example is provided by the 0(3) sigma model with gij(x) 
being the S^-metric. Here gij(x, u) = ugij and thus 

ds 2 +d = dudv + u (d9 2 + sin 2 9 dip 2 ) , cf>(x, u, v) = v + — In u . (1-3) 

The key feature of these solutions is that the dilaton is non-trivial, and contains, in par- 
ticular, the term linear in v. This means that in the light-cone gauge description, the 
non-conformal transverse theory should be supplemented by the definition of the stress 
tensor following from the original "2 + <i-dimensional" covariant action. 

In another example we would like to mention one promotes an interacting Toda-type 
2-d QFT to a Minkowski-signature string solution in 2+d dimensions by using the following 
pp-wave background with linear dilaton |l4j] (pi=const, % = 1, ...,d) 



ds 2 +d = dudv + K(x)du 2 + dxidxi , <fi = piXi . (1-4) 

The string equations are then satisfied to all orders provided 

d l d l K-2p l d l K = , PlPl = 4^7(8 -d) . (1.5) 

The solution for K can be chosen as a sum of exponents: K = c n e aniXi , where for 
each n we should have a n ia n i = 2pia n i. A particular case is provided by the Toda 
model potential, i.e. we end up with the Toda model as the light-cone gauge theory.0 The 
sigma model corresponding to ( [P| ) is T-dual (in y = u — v coordinate) to a sigma model 
associated with a particular G/H "null-gauged" WZW model JT4 

The rest of the paper is organized as follows. 



1 Explicitly, the Toda model corresponds to the case when on are simple roots of the Lie 
algebra of a maximally non-compact real Lie group G of rank N = d — 2 and pi = \ ^ n a m is 
half of the sum of all positive roots. 

2 There H is a nilpotent subgroup of G generated by N — 1 simple roots (this condition on 
H is needed to get a model with only one time- like direction). The flat transverse coordinates x 1 
correspond to the Cartan subalgebra generators. 
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In section 2 we present a class of pp-wave solutions with non-constant H% form and 
constant dilaton. We argue that all similar pp-wave backgrounds supported by NS-NS or 
R-R fields (including the ones of |Hj) should be exact solutions of superstring theory. We 
also determine conditions for residual supersymmetry of the i^-background. In section 3 
we discuss a subclass of NS-NS solutions which are parametrized by holomorphic functions, 
determining the fractions of supersymmetry they preserve. In section 4 we write down the 
(1,1) supersymmetric RNS sigma model Lagrangians for these backgrounds. 

In section 5.1 we find the light-cone gauge GS actions associated with pp-wave back- 
grounds with non-constant F p fields. We first show that the corresponding interacting 
2-d actions are always quadratic in GS fermions and thus are easy to write down. We 
then prove (in section 5.2) that these light-cone actions define UV finite 2-d theories, in 
agreement with the general a'-exactness argument of section 2.2. 

In section 5.3 we consider explicitly the light-cone GS action for the pp-wave R-R F% 
background which is "S-dual" to the NS-NS background of section 2.1. This background 
does not admit "supernumerary" Killing spinors (i.e. the ones which are not annihilated 
by the light-cone gauge condition |15[), and thus the associated light-cone GS action does 
not have "accidental" linearly realized 2-d supersymmetry. This is in contrast to the case 
of i^-background of |H| where a similar model (with the same bosonic part) is (2,2) 
supersymmetric . 

Finally, in section 6, we consider two examples of backgrounds parametrized by a 
holomorphic function, which are related to integrable models. We present a discussion of 
the structure of the associated massless vertex operators, which applies also to the model 
of PL 



2. Supersymmetric pp-wave model with non-constant NS-NS 3-form back- 
ground 

2.1. The form of the string solution 

Let us consider the following ansatz for the metric and NS-NS 2-form potential in 
10-dimensional superstring theory 

ds 2 = dudv + K{x)du 2 + dx\ + dy^ , i = 1, d , m = d + 1, .., 8 , (2.1) 

B 2 = b m (x) du A dy m , H 3 = dib m (x) dxi A du A dy m . (2.2) 
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We split the 8 transverse coordinates into two groups - X{ and y m , with the functions K and 
b m depending only on X{. We set the dilaton to be constant, but there is a straightforward 
generalization to the case when (p = piXi + (p(u) (which makes possible to include the 
background , ( |TT5D as a special case). Another obvious generalization is to allow K 
and b m to depend on u. 

In view of the structure of the background (in particular, the fact that the non-zero 
part of curvature of the metric (|2.1| ) is R u iuj — —\didjK) the non-trivial components of 
the leading-order string field equations are DiHiku = and R uu — jH u kiH u hl = 0. They 
imply (we always assume summation over i and m)i 

didib m = , didiK + dib m dib m = . (2.3) 

Thus bm can be any set of harmonic functions of Xi, while the general solution for K can 
be written as 

K=~b m b m + K , dtdiK Q = 0. (2.4) 

There are several special cases. For b m = we recover the standard pp-wave solution with 
K = Kq(x) being a harmonic function. For linear 6 m , i.e. constant H3, and Kq = we 
get 

bm fmi^i 5 -^3 fmidXi A dll A dtjm 1 K —WijXiXj , ^ij fmifmj 5 (^ - ^) 

where Wij (which is the mass matrix for xi in the light-cone gauge action) is non-negative. 
The corresponding models can be interpreted as WZW theories for non-semisimple groups 
IT[ (see also §§).§ 

Another regular solution of the equation for b m which does not require an introduction 
of singularities or sources is given by a quadratic "traceless" form:i 

bm C-mij^i-^j 5 Cmii , K —dijf^lXiXjX^Xl , C^jjfcZ = CmijC-mkl ■ (2-()) 



3 In the case of a non-trivial dilaton <j> = piXi these equations become (cf. ( |1.5| )): {pi — 
2pi)dibm = 0, {pi - 2pi)diK + dib m dib m = 0. 

4 In this case the generalized curvature R discussed in the next subsection vanishes, as it should 
be for a parallelizable space. 

5 In what follows we set the solution Kq of the homogeneous equation in ( |2.4| ) to zero. 



This gives a quartic non-negative potential in the light-cone gauge.! An example of a 
singular solution (which needs to be supported by a delta-function source) is b m = Jr=V 

The Laplace equation for b m in (|2.3| ) can be solved also by choosing b m to be, e.g., 
real part of holomorphic functions of complex combinations of coordinates Z\ = X\ + 
1X2 , etc. The corresponding string models parametrized by holomorphic functions will be 
discussed below in section 3. Their R-R counterparts (with H 3 replaced by "S-dual" F 3 
background) are direct analogs of the pp-wave solution supported by a non-constant 
5-form background. Such solutions will, in general, be singular at some points, i.e. they 
will require extra assumptions about sources or string-theory resolution of the singularities 
(cf. [0). 

Finally, let us mention that lifts of the above solutions to 11 dimensions belong to 
a class of D = 11 pp-wave backgrounds first considered in JHJ (a general discussion of 
pp- waves in D = 10 supergravity appeared also in jn|). There the 4- form background was 
chosen as F4 = fa A du with 3-form ^3 being any closed and co-closed form and i^-function 
in the metric satisfying d 2 K = I/3I 2 . The present NS-NS solutions correspond to a specific 
choice of ^3 = dib m (x) dxi Ady m Adxn. The focus of the present paper is not on studying 
general types of pp-wave solutions of supergravity as such, but on identifying backgrounds 
which are exact in a' , and which lead to new exactly solvable superstring models. 

2.2. Exactness in a' 

We shall now show that the above background represents an exact string solution, i.e. 
there exists a scheme in which it is not modified to all orders in a'. We shall first give a 
general argument based on the structure of low-energy effective action in closed superstring 
theory. This argument will apply not only to the NS-NS background (p.l|),( p72|) but also 
to any similar R-R background with the pp-wave metric (|2.1| ) supported by a p-form field 
strength which has a "null" form 

F P = hx...k p - 1 (?) dxkl A... Acfa^" 1 Adu . (2.7) 

6 The potential will always have flat directions. For example, one can choose b m = c m {x\— x%), 
so that K = -\(?{x\ - xl) 2 . 

Note that such K decays twice as fast as the harmonic function K = Kq of the standard 
pp-wave solution with H3 = 0. 
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In particular, this will also demonstrate the exactness of the pp-wave background con- 



sidered in [|10]. We shall then present a somewhat different argument (based on certain 
plausible conjecture on the structure of the beta-functions in the general bosonic or (1,1) 
supersymmetric sigma model) which will suggest the exactness of the NS-NS background 
(pTT|) , (pT2|) already in the bosonic string theory. 

Let us start with a digression on the structure of the type II superstring effective 
action. By definition, the effective action for the massless string modes is constructed 
so that to reproduce the string S-matrix. Field redefinitions [ p?| , p0| , |21| , p2f allow one to 



avoid "quadratic" or "propagator correction" terms (i.e. terms whose weak-field expansion 



starts with quadratic terms). In addition, as is well known [23], the on-shell superstring 
amplitudes for massless modes do not contain (in contrast to the bosonic string amplitudes) 
a'-corrections, i.e. the supergravity 3-point amplitudes are exact. This suggests that there 
may exist a field-redefinition choice (or, in the /3-function context, a 2-d RG scheme) in 
which the weak-field expansion of the a'-dependent part of the effective action starts with 
quartic terms only (i.e., a ,3 RRRR+ ...). Indeed, since the "quadratic" and "cubic" terms 
that may be present in the action should not contribute to the S-matrix, it may be possible 
to redefine them away. More precisely, for our present purpose, it is sufficient to argue 
that in such a scheme the effective Lagrangian will not contain terms like 

AL= ai (D...DR) 2 + a 2 (D...DF) 2 + a 3 R^.v. D...DF^„ D...DF V ,„ . (2.8) 

Here R is curvature, D is covariant derivative and F = dC stands for any p-form field 
strength of the type II supergravity multiplet, including H 3 . In this case there will be no 
terms like 

c x D...DR^ u . + c 2 D...DF^D...DF v ... (2.9) 

in the equation for the metric, and the terms like D...DF in the equation for the p-form 
field. 

To prove that the terms in ( |2.8| ) can either be redefined away or modify the 3-point 
S-matrix (and thus are excluded in the superstring case), let us make several observations.! 
We shall concentrate on the a3-terms in Q2.8|) since the argument for a%— and a 2 — terms 
is trivial. First, as we will be interested only in the C2-terms in (|2.9|) which do not contain 



We are grateful to R. Metsaev for an important criticism that helped to clarify the argument 
below. 
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extra powers of R, we may ignore commutators of covariant derivatives in (|2.8|) (it is, 
in fact, sufficient to replace in ( |2.8|) by d p ). Second, the a3-terms in ( |2.8| ) which 
contain (after integration by parts) two contracted derivatives acting on one field, i.e. 
D 2 R or D 2 F factors, can be eliminated by a local metric or potential C redefinition in the 
standard R + F 2 kinetic term. Indeed, using Bianchi identities and integrating by parts, 
such terms can be put into the form proportional (up to higher-order terms that can be 
ignored) to the leading parts of equations of motion, i.e. they can be written as R^ U X^ U 
and -D^i^i/...!^..., and thus can be redefined away. Next, the only a3-terms in ( |2.8|) that 
may contribute to the on-shell 3-point amplitudes must have all indices of D-derivatives 
contracted with field (polarization tensor) indices and not between themselves: for massless 
on-shell amplitudes pi + P2 + P3 = 0, p 2 = 0, i = 1, 2, 3, and thus pi ■ pj = 0. Let us 
consider, for concreteness, the case of F = F3. Then the a3-terms that may contribute to 
the S-matrix can only have at most two D-derivative factors (the total number of indices 
of and in the 3-point vertex should be greater or equal to the total number of 
derivatives). Explicitly, such terms are R^au/3F^ ap F u p p and R^avfiD p F ma D a F u i3p (other 
contractions of derivatives are equivalent or give vanishing contribution to the 3-point 
amplitudes). These terms can not be present in the superstring effective action. 

Finally, let us show that all other possible terms with contracted derivatives that do 
not contribute to the S-matrix can indeed be redefined away. Consider the generic case of 
two contracted derivatives (as already mentioned, positions of derivatives in D...D factors 
in ( |2.8| ) are not important): L3 = R pAJ .D ...DD\F pL ..D...DD\F v ... Since terms with D 2 F fl „ 
can be redefined away, we can write L 3 = R flu D 2 (D...DF p D...DF u ), or, integrating by 
parts, as L3 = —D 2 R pv .D...DF p ..D...DF v ... Since D 2 R p p vp — > D p D„Rp p + such terms 
can be again redefined away. 

Returning to our main argument, let us now take into account the specific form of 



the background in question (|2.1|) and (|2.7|) . First, we note that its "null" structure implies 
that all scalar invariants constructed out of R, D and F identically vanish. The only 
non-zero components of R and F have, respectively, two and one of w-indices, and the 
only non-zero component of the covariant derivative is di (the fields do not depend on 
v). This implies that the only non-trivial correction to the equation DF + ... = for F 
must be linear in F, i.e. it can only have the structure D...DF U _ _ . Such terms that could 
only originate from the a<i term in the effective action (|2.8| ) are prohibited by the above 
argument. Similarly, any non-zero correction to the Einstein equation must carry two 
■u-indices. Since the curvature has only R u i u j components, the required 2-nd rank tensor 
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that can be constructed from such curvature is R uu or D...DR UU . Thus corrections to 
the Einstein equation (or to the /3-function for the metric) could only be of the form 

d l D...DR u . u . + d 2 D...DF u ..D...DF u ... . (2.10) 



They could only follow from the terms ( |2.9|) in the covariant expression (note the position 
of indices on F-factors), which, however, should be absent, as explained above, in the 
natural scheme in which the 2- and 3-point terms in the effective action are not modified 
from their supergravity values. We conclude that in this scheme the background (|2.1|) ,(|2~T 



or (|2.2| ) that solves the leading-order supergravity equations of motion remains the solution 



to all orders in ct'-expansion. 

Let us now present an alternative argument that will apply only to the NS-NS case but 
will be valid also in the bosonic string case: it will suggest that the NS-NS sigma model 
corresponding to (p.l| ) ,( ^2|) is conformal to all orders in a'. It is based on a plausible 
conjecture [^TJ that for the general sigma model L = (G Ml/ + B^ v )(x)dx^dx u there should 



exist an RG scheme in which all a' corrections to the beta-functions for G^ v and B^ v are 
at least linear in the generalized curvature R+^x P (=R-x P ^) defined by the connection 
= ± ^H*. This conjecture is supported, in particular, by explicit higher- loop 
computations and by the fact that parallelizable spaces (corresponding to WZW 



models) are independently known to be finite ||25|| . In such a scheme all corrections to the 
/3-functions for and B^ v must be of the form 

/V = P»v Pa (R, H, D) R +KXpa . (2.11) 



In the present case of ( [Q ),( [Q ) one finds that the only non-zero components of the 
generalized curvature are (the Christoffel connection is T l uu = —-^diK, = diK and 



R-\-uiuj Q^i^j-^ ^9{b rn djb rn , R-\- unurn ^dibn&ibm i R-\-jmiu didjb m . 

(2.12) 

Note that R^ v = on the equations of motion ( |2.3[ ) . Since the functions K and b m do not 
depend on v, and any corrections are possible only to j3 uu . For the present background 
D u ,D m are trivial and H% and R have at least one w-index. This implies that possible 
corrections must have the structure (3 UU = OijR +u i u j, where Oij is a differential operator 
involving Di only. Since here Di = di, we get Oy = k\d\dj + k,2didjd 2 + ... (dots represent 
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terms with higher powers of d 2 ). As was noted above, such "propagator-correction" terms 
can be in general redefined away (they should, in fact, be absent in the minimal subtraction 
scheme) . 

2.3. Conditions for space-time supersymmetry 

Let us now determine the conditions under which the background (|2.1| ),( |2~2"|) ,( |2.3| ) 
preserves a fraction of type II space-time supersymmetry. Explicit examples will be given 
later in section 3. 

In the case of the metric and H3 given by ( |2.1| ),(pT2| ) and constant dilaton the type 
IIB dilatino transformation law gives the condition 

d t b m F u r im e = . (2.13) 

The condition of the vanishing of the gravitino variation isi 

The f-component is solved provided d v e = 0, i.e. e = e(u, x, y). The i and m components 
give0 

d i e + ^d i b m r um e = , (2.15) 

d m e-jdib m T ui e = . (2.16) 
For non-constant H 3 , i.e. didjb m 7^ 0, these equations implylHl 

T u e = 0. (2.17) 

As a result, e is independent of x 1 and y m . In general, the it-component of the gravitino 
variation gives 

d u e + ~diKT ui e - ^d i b fn T im e = . (2.18) 



9 Below the sign of i^3-term is chosen as plus; the case of the minus sign (corresponding to 
b m — > — b m ) leads to equivalent conclusions. 

10 We use that Hi um = dib m and the tangent-space components of the Lorentz connection 
given in eq. (4.5) below. We also omit hats on indices of T-matrices as the corresponding vierbein 
components are trivial. 

11 This is the integrability condition for (2.15), ( p. 16| ) which is found by multiplying (2.15) by 



d m , ( 2.16Q by dj, subtracting and using fl2.15D , (|2.16|) again. 
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In view of eq. ([2.171) an d the fact that e is independent of x while dib m is a function of x, 
we get the condition 

d t b m Y im e = , (2.19) 

as well as d u e = 0. 

The condition (|2.17| ) (or (|2.19| ) ) ensures the vanishing of the dilatino variation ( |2.13|) . 
The number of remaining supersymmetries thus depends on existence of constant e solu- 
tions of ((Trap. 

One important conclusion is that the pp-wave background ( |2.1| ),( |2~2"| ) with non- 
constant Hs (or its R-R counterpart with H3 — > F3 discussed below) does not have "super- 
numerary" supersymmetries for which F u e 7^ (i.e. solutions for e which are "orthogonal" 
to the ones satisfying the GS light-cone gauge condition ( p.!7|) ). As a result, in contrast to 
the case considered in [|10| , we should not expect to find extra linearly realized supersym- 
metries in the corresponding light-cone GS action P, |T5| , |TU| , P()| ] . Still, the light-cone actions 



we shall get will have several features in common with the one corresponding to the F5 



case discussed in | jTD| . 

The above discussion applied to the case of the H3 background of the form given in 
( |2.2| ) . In general, one can show that there are no "supernumerary" supersymmetries for any 
pp-wave background supported by any non- constant H3 form. Indeed, consider the most 
general ansatz for the "null' 2- form field: B<i — b s (x) duAdx s . Here x s are all 8 transverse 
coordinates, i.e. this includes (|2.2|) as a special case. Then H usr = f sr = d s b r — d r b s , and 
thus the s-component of the gravitino equation gives (cf. (|2.15|) , (|2.16|) ) 

d s e+^f sr (x)T ur e = 0. 

Let us assume that, e.g., /12 7^ 0. Acting on the s = 1 equation by 82 and on the s = 2 
equation by d%, and subtracting, we get d s fi2T us e = 0. For non-constant /12, this can be 
satisfied only if F u e = 0. Again, this implies []6| JT5| , p!0| that the light-cone GS Lagrangians 
corresponding pp-wave backgrounds of the form ds 2 = dudv + K \x)du 2 + dx 2 s supported by 
non-constant H usr or F usr forms will not have linearly-realized world-sheet supersymmetry. 

The case ( pT5| ) of constant H3 (i.e. didjb m = 0) is special. Here the gravitino condition 
does not reduce the number of supersymmetries. For generic constant H3 configuration in 
type IIB theory the dilatino variation equation reduces the number of unbroken supersym- 
metries to 16, as one is to impose T u e = to satisfy ( |2.13|) . However, for special "self-dual" 
matrices dib m (which correspond, in particular, to the case of the direct sum of the two 
Nappi-Witten [0 models which is the Penrose limit of the AdS3 x S3 background) the 
condition ( |2.1tj| ) breaks less than 16 supersymmetries .0 



12 In the example of the Penrose limit of AdS^ x S3, the resulting number of unbroken super- 
symmetries, i.e. the solutions to F u (l — Ti234)e = 0, is 24. 
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3. pp-wave backgrounds parametrized by holomorphic functions 

Here we shall specialize to a particular subset of the above backgrounds which may 
be viewed as NS-NS analogs of the R-R 5-form backgrounds discussed in []IUJ. They can 
be found from the general exact solution (|2.1|) — (|2.4| ) with the even number d = 2n of Xi 
coordinates and thus 8 — 2n "spectator" coordinates y m organized into two sets of n and 
4 — n complex coordinates z a and z a , respectively. The Laplace equation for b m in Q2.3Q 
can then be solved in terms of holomorphic and anti-holomorphic functions. The general 
structure of the solution written in complex coordinates is then 

ds 2 = dudv + K(z ai z*)du 2 + dz a dz* + dz a dz^ , (3.1) 

B 2 = ~rj a (zb) du/\dza+c.c. , H 3 = ~duAu 2 , u 2 = d a r] a (zb) dz a /\dz a +c.c. , (3.2) 

r}a = Va(zi,---,z n ), a = l, ...,n, a = n + 1, 4 . 

The cases of n = 1,2,3 represent inequivalent solutions. A more general solution (belonging 
again to the family of solutions of section 2.1) can be obtained by choosing^! 

^2 = d a r) a (z b ) dz a A dz a + d a p a (z b ) dz a A dz* a + c.c. . (3.3) 

3.1. Particular examples 

Simple examples of solutions are found by choosing: 

n = 1 : uj 2 = dir](zi) dz\ A dz 3 + c.c. (3.4) 

n = 2 : iv 2 = dir](zi) dz\ A dz 3 + d 2 fj(z 2 ) dz 2 A dz$ + c.c. (3-5) 
n = 3 : u 2 = dirj(zi, z 2 ) dz\ A dz± + d 2 r\{z\, z 2 ) dz 2 A dz^ + c.c. (3.6) 



Eq. ( pT4] ) is a special case of ( |3.2| ) with r) 3 = i](zi) and r\ 2 = r\<± = 0. The n = 2 example 
( |375| ) is obtained from ( |3.2| ) by setting r] 3 = rj(zi) and 774 = fj(z 2 ). The more general n = 3 
case has r\ = 774(21, z 2l z 3 ) (then u 2 has one extra term containing dz 3 ). 



For the examples in (|3.4j ) , (|3.5|) , eq. (|2.3|) has the following special solutions for K (we 
choose K = in (|J)) 

n = l : K = - l -H Zl )\\ (3.7) 



13 The particular case r\ a = is equivalent to the solution ( |3.2| ) by the simple change of coor- 
dinate z a —> zl. 
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n = 2 : K = -\{\r l (z 1 )\ 2 + \f } {z 2 )\ 2 ) . (3.8) 
It is useful also to record the form of H% in ( |3.4j) and ( |3.5[ ) in real coordinates. Defining 

Z\ = X\ + 2^3 , ^2 = ^5 + ^7 ) ^3 = ^2 + ^4 j ^4 = ^6 + ^8 7 

we get 

n = 1 : W2 = (<9i?7+<9*?7*)(<ia;iA(i:c2— rfx3A(ix4)+i(9i?7— d\rf)(dx\t\dx^-\-dx 3 t\dx 2 ) (3.9) 
and 

n = 2 : w 2 = (dir) + 9*?7*)((ia;i A dx 2 — dx 3 A ^4) + i(d\T] — d*[r)*)(dx\ A dx± + dxs A da; 2) 

+ (d 2 fj + d2f]*)(dx<r ) A dxQ — A (ixg) + i(d 2 fj — d 2 fj*)(dx5 A dx% + dx-j A cfa^) (3.10) 

Here for convenience we are using the same notation x\ for all of the transverse coordinates, 
instead of the splitting them into (xi,y m ) as we did in section 2. 

It is easy to read off the relation between rj a in (|3.2| ) and b m appearing in the general 



expression (|2.2|) . For example, in the n = 1 case ( |3.9|) , £2,^4 play the role of the two 
"free" y m coordinates and we have two components of b m which depend on "dynamical" 
coordinates x±, X3 

b 2 = b 2 (xi, x 3 ) = Re T] , 64 = 6 4 (xi, x 3 ) = -Im r\ , 

so that 

d t b 2 = -d 3 b 4 = Re (dm) = -(dm+dirf) , d 3 b 2 = <9i& 4 = -Im (dm) = -i(dm-dlrj*) . 

(3.11) 

3.2. Space-time supersymmetry 

Let us now count the number of unbroken supersymmetries for these solutions, solving 
the conditions (|2.17|) , (|2.19|) in the above special cases. First, the condition (|2.17| ) breaks 



16 supersymmetries. Consider now the remaining equation ( |2.19| ). In the n = 1 case, using 
( jOl) , we get the restriction^ 

(l + r 1234 )e = (3.12) 



14 From Q) we find that (|2.19|) takes the form [a(x)(T 12 - r 34 ) + b(x)(T 14 - r 23 )]e = which 



can be satisfied for any functions a, b if we require (ri2 — r3 4 )e = and (T\4 — T23)e = 0. Each 
of these two conditions is equivalent to (1 + Ti234)e = 0. 
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which breaks 8 more super symmetries, so that there are 8 remaining supersymmetries. In 
the n — 2 case, using ( |3.10|) , we obtain 



(l + r 1234 )e = , (l + r 5678 )e = , (3.13) 

and, as a result, there are 4 unbroken supersymmetries. 
In a generic n = 1 model, one has 

^2 = 9\T] a {z\)dz\ A dz a + c.c. , (3-14) 

where rj a (a = 2, 3,4) are 3 independent functions. Here the condition ( |2.19|) becomes 



(l + r 1234 )e = , (l + r 1537 )e = , (l + r 1638 )e = . (3.15) 
This leads to two unbroken supersymmetries. The same conclusion is reached for a generic 



n = 3 model with uj 2 = d a r)±(zi, z 2 , z^)dz a A dz4 + c.c, where (|2.19|) leads again to three 
conditions of the form (|3.15|) , i.e. to two unbroken supercharges. 
The generic n = 2 case 

^2 = Q\f]z{z\,z-2)dz\ A dz 3 + d 2 m( z ii z 2 )dz 2 A dz 3 
+ di 774(21, z 2 )dzi A dz4 + d^rj^zi, z 2 )dz 2 A dz& + c.c. (3.16) 



requires a closer examination. By writing ( |3.16| ) in Cartesian coordinates, we find that for 



arbitrary functions r\? l {z\,z 2 ),r\4{z\,z 2 ), the supersymmetry condition ( |2.19|) gives 



(l + r 1234 )e = , (l + r 52 7 4 )e = , (1 + r 56 7 8 )e = , (l + r 1638 )e = . (3.17) 

Since the last condition follows from the first three, we conclude that the generic n = 2 
case also preserves two supersymmetries. 



4. String sigma model actions for the NS-NS pp-wave backgrounds 

4-1. Covariant action 

The bosonic part of the sigma model Lagrangian corresponding to the generic back- 
ground 0, O, O (with K Q = 0) is given by 

L B = d+ud-v - ]^b 2 rn (x)d + ud-u + b m (x)(d + ud-y 7n - d + y m d-u) 



15 We shall use Minkowski world-sheet coordinates with = t±<j, and d± = |(9 T ±9o-). The 
string action is S = —^7- J d 2 a L. The space-time light-cone coordinates are u = y — t, v = y + t. 
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+ d+Xid-Xi + d + y m d-y m . (4.1) 
Note that by applying 2-d duality (i.e. T-duality in the target space) in y m we get a model 



with zero 3-form field but off-diagonal metric, i.e. fl4.1|) becomes 

L B = d+ud-v - ^b m (x)d + ud-u + b m (x)(d + ud-y m + d+y m d-u) 

+ d+Xid-Xi + d+ymd-ym . (4.2) 

In general, the fermionic part of the (1,1) world-sheet supersymmetric sigma model can be 
written in terms of the generalized Lorentz connections co^p = ± \H P ~^ 

Lf = i\ R Md+ + ut^d+affri + iX L Md- + <^d.x^)X% + ~£+^aA£a£A*A£ ■ 

(4.3) 

In the present case of Q , (gj) , (|J) 



uj±um = ±^dibmdxi , u± im = T^dib m du , iv ± ^ = ^diKdu =f l;dibmdym , (4.4) 



and the non-zero components of R +U i u j = R_ uiu j were given in ( |2.12| ) 



The explicit form of the Lagrangian ( f4.2|) in the case of the n = 1 solution 
(PTT|),(|tO|),(|3.4|) parametrized by an arbitrary holomorphic function r] = r/(zi) is (a = 
2,3,4) 

Lb = d + ud-V r\rf d+ud-U H — r](d + ud-Zs — d + z^d-u) H — r/* (d + ud-Z^ — d+z^d-ii) 

2 2 2 

+ d+zxd-zt + d+z a d-z* a . (4.5) 

Similarly, by applying T-duality transformations in z 3 = X2 + 1x4 we get a special case of 
pure-metric model ( f4.2|) 



11 1 

Lb = d + ud-V rjr)*d + ud-U H — r](d + ud-Zs + d+z^d-u) H — rj* (d + ud-Z^ + d+z^d-u) 

2 2 2 

+ d +Zl d_z* x + d+z a d_z* a . (4.6) 



Here r/uv = 4, r] uv = 2, etc, and hats on u,i,m indices can be omitted. 
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4-2. Light-cone gauge action 

Let us now consider the form of the string Lagrangian in the light-cone gauge. Since 
u and A^ R obey free field equations, we can supplement the superconformal gauge with 
the standard light-cone gauge conditions 

u = 2a'p u r , \ U LR = . (4.7) 

Then the bosonic part of the Lagrangian (|4.2|) takes the form 



L B = d+Xid-Xi - ^m 2 6^(x) - mb m (x)(d + y m - d-y m ) + d + y m d-y m , (4.8) 

m = a'p u = d±u . (4.9) 

Note that in our notation u, v, x l , ya' , (p u )~ 1 and thus m have dimension of length, while 
the world-sheet coordinates r and crG [0, 2n) are dimensionless. The components of 
the metric and 2-form tensor, i.e. K and b m in (P~T|) , (|2T2|) or rj a (z) in ( |3.2|) , are also 



dimensionless. From the world-sheet point of view it is more natural to treat u,v,x l as 
dimensionless while r, a as having dimension of length. Then m has world-sheet dimension 
of mass. 

In view of ( |2.3| ),( |2TT2| ), the fermionic part of the action Q4.3| ) becomes quadratic in 
fermions 

L F = z[A^ + A l i? + A^_A l L +ma i 6 m (x) (A^AS - A^A?) + Aga+AS + A£0_A?] . (4.10) 



The sigma model action (|4.8| ),( |4TT0|) follows also directly from the (1,1) superfield form of 



the action / d 2 ad 2 ${G^ + B^ U ){X)D + X^D_X V with B um = b m and the superfield X u 
chosen in the light-cone gauge form X u = u = 2mr. The latter choice breaks the 2-d 
Lorentz invariance and the (1,1) 2-d supersymmetry. 

The resulting "transverse" gauge-fixed 1+1 dimensional theory is thus not 2-d Lorentz- 
covariant - the bosonic term originating from the i?2-coupling contains explicit sigma- 
derivative (or d+ — <9_) term. The absence of manifest 2-d Lorentz covariance of the 
"transverse" theory is not unfamiliar: it is generic to many similar pp-wave string models 
written in the light-cone gauge. In particular, the Lorentz covariance is absent in all cases 
where K has u- (and thus r-) dependence. 

The Lagrangian ( fl.8| ) , ( [4 . 1 0| ) may be interpreted as describing a system of chiral scalars 
y™ R and their (1,0) and (0,1) superpartners A™ R interacting with scalars x l and fermions 
A^ R . There is an obvious left-right decomposition in the y m , A m sector, but the two chiral 
sectors are mixed by the interaction terms in the x l , X 1 sector. 



17 The standard alternative is to rescale r and a by a'p u (which is a symmetry of the 2 + d 
dimensional conformal theory), thus giving them dimension of length. Then in the light-cone 
gauge x + = 2t, < a < 2na'p u . 
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5. Light-cone gauge GS string actions for the non-constant R-R pp-wave back- 
grounds 

By applying S-duality transformation to the background Q2.1p, (|2.2|), (|2.4]), i.e. re- 
placing H3 by F3, we obtain another solution of type IIB supergravity theory which has 
constant dilaton and non-trivial R-R 3-form field. According to the argument in section 
2.2, this R-R background, just like its NS-NS counterpart, is, in fact, an exact solution of 
type IIB string theory. The conditions of space-time supersymmetry are again determined 
by (pTTD and (|7L|). 



To find the form of the corresponding light-cone gauge Green-Schwarz action we follow 
the same logic as was used in |7],|S| . As was mentioned in [|7|,|8[] in the case of constant R-R p- 
form strengths, and as we shall explicitly prove below in the general case of non-constant 
R-R pp-wave backgrounds, the property that the curvature and F p have null structure 
implies that all higher than quadratic terms in fermions should be absent from the GS 
action written in the light-cone gauge 

T u 1 ' 2 = , u = 2mr , m = a'p u , (5.1) 



while the quadratic fermionic term is essentially determined (see also [ ^7[p8| ) by the 
structure of the corresponding generalized covariant derivatively 

l 2F = id-X^ ^r^D+e 1 + id + x» e 2 v^D_e 2 , (5.2) 

where in the i^-case 

d^o 1 ' 2 = (a„ + ^x^e 1 ' 2 - ^i^r^r^ 2 ' 1 . (5.3) 

5.1. Light-cone gauge GS action is quadratic in fermions for generic pp-wave 
background 

The form of the covariant GS action in a generic type II supergravity background 
is very complicated, containing terms of all possible powers in the two 10-d MW spinor 
variables 9 1 which come out of the component expansions of the superfields entering the 
superspace form of the action . For certain backgrounds, the action written in a special 



/■v-symmetry gauge may become quartic in fermions (as is the case for the AdS§ x S 



5 



18 Here we use the standard normalization in which = 1, so that the R-R terms in the 
covariant derivative in eq. (5.4) of []8) should be multipled by extra 1/2. 
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action in the light-cone gauge ||30|j , see also |31[]). A particularly simple case is that of the 
homogeneous plane-wave backgrounds |J - here the light-cone gauge GS action turns out 
to be quadratic in fermions 0. 

Below we shall prove that this is true also for generic inhomogeneous (R 7^ const, F p ^ 
const) pp-wave backgrounds with the metric admitting a covariantly constant null Killing 
vector (i.e., for example, ( |2.1| )) and the R-R or NS-NS p-form strengths having the "null" 
structure ( |2.7| ) . The key property we will use is that the curvature and the p-form strengths 
do not have lower v -components and do not depend on v. Another important point is that 
the curved-space GS action (which is a "supersymmetrization" of the standard bosonic 
sigma model action) is quadratic in 2-d derivatives 8 a . This implies that generic fermionic 
terms can only be of the following 3 types 

Li = D n R...D k F...e...e...e...e 6. ..86 dx , l 2 = D n R...D k F...e...e...e...e dxdx , 

L 3 = D n R...D k F...6...6...6...6 6. ..86 6. ..86 , (5.4) 

where X are the bosonic coordinates X^ = (u, v, x z ), and dots between 6 and 6 stand for 
products of Y- matrices. 

To get a non-zero result from a particular term after imposing the light-cone gauge 
condition T u 6 = each 6. ..6 factor in ( |5.4| ) must have the form 6T v T l1 ...T ln 6. Since the 
background-dependent factor D n R...D k F cannot have lower v -indices, each T v must be 
accompanied by 8X U = 8u. That immediately implies that all L3-terms in (|5.4| ) must 



vanish, while L\ must be quadratic and L 2 - at most quartic in 6. In addition, all non- 
trivial D n R...D k F factors must contain at least one lower u-index which is to be contracted 
with either 8X U or some T u in the fermionic factor; in the latter case, such term vanishes.0 
This implies the vanishing of all "non-flat" terms in L\ and quartic fermionic terms 
in L2, and thus leaves us with the standard flat-space GS term L\ = 8u6Y v 86 as well as 
with the following candidates for the non-vanishing quadratic fermionic terms 

L 2 = D il .„D im F U j 1 ...j p _ 1 8u 6T v rK..T^6 . (5.5) 

Furthermore, the only term of that type that can actually appear in the GS action should 
contain no covariant derivatives acting on F p - each covariant derivative would be accompa- 
nied by an extra 6... 6 factor. Indeed, this follows simply from dimensional considerations: 



19 More precisely, dX u may be also contracted with T u between 6 and 9 but, since T U F U = 2 
when acting on fermions subject to the light-cone gauge condition, this leads to an equivalent 
conclusion. 
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if X has dimension of length / (e.g., \fa'), then 9 has dimension I 1 ! 2 , the metric and 
(p — l)-form potentials are dimensionless, and thus and i* 1 ^...^ have dimensions Z _1 
(while R^vXp - dimension l~ 2 ). 

As a result, we arrive at the same form of the action as in the case of the constant null 
R-R flux |5|,[7|,|8|] : the only non-trivial coupling to the background field strength is through 
the generalized covariant derivative that enters the gravitino supersymmetry transforma- 
tion rule, i.e. ( |5.tj| ) (with other p-form terms and the dilaton factors included in general 
@). 

To summarize, the above argument allows one to determine the form of the light-cone 
gauge GS action for any inhomogeneous R-R pp-wave background, in particular, for the 
.Fs-form background in flQ[| . The general structure of the GS action corresponding to the 
metric ( |2.1| ) supported by a R-R background F p (x) of the form (|2j]), which solves the 
supergravity equations of motion (i.e. R uu ~ F U ...F U ,„, 9^F m " = 0), written in the 
light-cone gauge (|5.1|) is thus (ignoring explicit value of the numerical normalization factor 
c p in the last term) 

l = d+Xid-xi + m 2 K(x) + ie^d.e 1 + ie 2 r v d+e 2 + ivxc p F uil ,„ ip _^{x) e^v^-^e 2 . 

(5.6) 

5.2. UV finiteness of the light-cone GS theory 

Viewing ( |5.6| ) as a 2-d field theory, it is natural to assign 2-d length dimensions to r 
and a and thus to assume that other dimensions are [x] = 0, [9] = —1/2, [m] = —1. Then 
K(x) and F p (x) are dimensionless, and dimensional analysis implies that the only possible 
logarithmically^! divergent Z-loop counterterms in this theory should be proportional to 
m 2 . Therefore, they must be linear in derivatives of K and quadratic in derivatives of F p , 
i.e. 

AL«=m 2 [a;a 2 ^(x)+6 z c> z - 1 F mi ... lp _ 1 (a;)^- 1 F mi ... lp _ 1 (x)] , 1 = 1,2,..., (5.7) 

where <9 Z_1 stands for dj 1 ...dj l l , etc. These are the same counterterms as expected 
( p.8|) ,( pTT0|) on the general grounds in the covariant theory before the light-cone gauge 
fixing (note that here R u iuj = ~^didjK and m = d±u). The coefficients in (|5.6| ) are such 
that the 1-loop divergences cancel (due to the relation between K and F p as in (|2.3|) , (|2.4|) ). 

20 Trivial quadratic divergences cancel because of equal total numbers of bosons and fermions. 
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Denoting by G — the propagator of the 2-d bosons a?i(£) (£ a = (r, a)), the propagators 
of the fermions 9l and 9 R are then d+G(£ — £') and <9_G(£ — £'), and thus the coefficients 
in ( |5.7|) are 

a, ~ | rf 2 £ [G{£ - OlU' > 6 ' ~ / - Ot'd+Git - ?)d-G(£ - O • 

Integrating by parts in the expression for 6; we can transform it to the same form as af. 

h ~ /d 2 ^' " Ol'^-G^ - £') ~ - t%^>- Since c^F^...^ = 

0, d 2 F u i 1 _ ip _ 1 = the cancellation seen at 1-loop order should continue at higher loops.0 
This conclusion is of course in agreement with the general finiteness argument given 
in section 2.2. As a result, the light-cone gauge theory is UV finite (but its scale invariance 
explicitly broken by the presence of the "mass" parameter m). 

5.3. Explicit form of the light-cone GS action for the R-R 3-form pp-wave 
background 

Let us now return to the specific case of our interest, namely, the background 
( |2.1|) , (|2.2|) with H3 replaced by F3. As in ||, we shall keep the free-theory notation 
9 1 = 6l, 9 2 = 9r. Then the corresponding light-cone gauge GS Lagrangian is given by the 
sum of the following bosonic and fermionic parts (cf. (fOf) , ( fL"l~0| ) , (|5 . 2j) ) H 

L B = d + Xid-Xi - ^m 2 b 2 m (x) + d + y m d-y m , (5.8) 

l f = ie Rl v d + e R + ie Ll v d-e L - -imdjbrnix) e Ll v ^ m e R . (5.9) 

As usual, we rescaled the fermions by power of p u . For comparison, the fermionic term 
in the light-cone GS Lagrangian for the NS-NS background ( |2.2j ) is (cf. its RNS form in 

(EE)) 

L F = id Rl v d + e R + i9 Ll v d.9 L - ^imdjbmix) {6 Rl v l jm 9 R - 9 Ll v ^ m 9 L ) . (5.10) 



21 In a particular (e.g. dimensional) regularization scheme all higher tadpoles ai, I > 2, can be 
set equal to zero (they lead only to higher than first powers of logarithm of the UV cutoff and thus 
can be ignored). In the case when the theory has extended 2-d supersymmetry the cancellation 



of the two contributions in (5/7) can be understood as a consequence of non-renormalization of 

the chiral superpotential. This is what happens, e.g., in the (2,2) supersymmetric model of Jl0| 

where the bosonic potential is |<9iV^| 2 and the Yukawa coupling matrix is didjW. 

22 We follow the spinor notation of ||, i.e. switch to the 16-component notation for the spinors, 

with 7^ being 16-component real and symmetric matrices which replace 32-component matrices 
-pfj. 
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Here b m is any harmonic function. The background has residual space-time supersymmetry 
(so that ( pTQ| ) has global fermionic symmetry 9 — ► 9 + e) provided b m is such that eq. 
( |2.19| ) has non-trivial solutions. As we have mentioned in section 2.3, the absence of 
supersymmetries with F u e ^ for didjb m ^ implies that in contrast to the case of 



constant F3 (i.e. linear 6 m ||) background and the non-constant F5 case in p0[ , here 
the light-cone gauge GS model (|5.8|), (|5.9|) will not have an additional linearly realized 2-d 
supersymmetry. 

Let us specify now to the case of the R-R background parametrized by an arbitrary 
holomorphic function, i.e. to the "S-dual" of the n = 1 background (|3.1|) -(|3T4T). According 
to the discussion in sect. 3.2, this background, like its NS-NS counterpart, should be 
preserving 8 supersymmetries. Written in complex notation, the corresponding light-cone 
GS Lagrangian takes the following form (cf. (|4.5|) , (|5.9| ) ,( |3TTl| ); here we use the notation 

Z\ = Z, d z T] = 7]') 

L B = d+zd.z - ^m 2 \ V (z)\ 2 + d+z a d_z* a , (5.11) 

L F = i9 Rl v d+9 R + i9 Ll v d-9 L - ^im Re(r/) 9 Ll v 1 12 P9 R + ^im lm( v ') 9 Ll v 1 1A P9 R . 

(5.12) 

We have used (|3.9|) , and introduced 

P-^(l + 7 1234 ), 



which is the same projector as appearing in eq. ( |3.12| ). By squaring the Yukawa coupling 
matrix in ( |5.12| ) it is easy to check that the number of interacting real fermions is 4. This 
does not match the number (two) of interacting real scalars z = X\ + ix^ - as expected, 
the model we got can not be 2-d supersymmetric. 

Explicitly, by choosing an appropriate representation of the 7-matrices (see, e.g., sec- 
tion 5.2 in 0), the light-cone gauge condition 7 u 6*L,i? = can be solved in terms of 8 + 8 
independent real fermions Sl jR . Then 4 + 4 of the fermions will be interacting and 4 + 4 
will be massless (the latter are the ones which are annihilated by P) . By further specifying 
the 7-matrix representation, the part of the Lagrangian ( |5.11|) ,( |5.12| ) describing the system 
of interacting bosons and fermions can be written as 

L int = d + zd-z* - ^m 2 r](z)r]*(z*) + iip* kR d + ip kR + iip* kL d-ip kL 

+ ^m [ V '(z) ipkLipkR + r/*{z*) MlMr] ■ (5-13) 
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Here ipi l,r and ip2 l,r are two complex combinations of 4 + 4 components of Sl,r, and 
the sum over k = 1, 2 is implied.il 

This model is very similar to the (2,2) supersymmetric model £(2,2) = / d A d $*$ + 
/ d 2 d W($) + c.c, where $ = z + '&ii/jl + '&2'^ R + -- and the superpotential W(z) is related 
to an arbitrary function rj(z) by W = r\. Indeed, written in components £(2,2) has the 
same bosonic part as ( |5.13| ) and similar Yukawa terms, but just one instead of two pair of 
complex fermions i^l^r, i-e. 

1 

-: 
2 



£(2,2) = d + zd-z* - -m 2 r](z)r]*(z*) + i^d+^ R + iipld-ip L 



+ lm [7/(2) + */*(**) ■ (5-14) 

Remarkably, both theories (|5.13|) and (|5.14|) are UV finite: the mismatch in the number of 
interacting fermions is compensated by different coefficients in front of the Yukawa coupling 
terms.il 

The (2,2) supersymmetric model ( 5.14 ) was found in [10 1 to be a special case of the 
light-cone GS action for a particular pp-wave background supported by a nonconstant 
Fs-field. The difference between ( |5.14|) and our model ( |5.13| ) corresponding to the F3- 
background is not unexpected, given that the GS fermionic couplings in (|5.6|) corresponding 
to the two different exact string solutions - a background with R-R F3 strength and a 
background with R-R F§ strength supporting the same pp-wave metric - have different 
T-matrix structure. 

While the model ( p.!3| ) does not have 2-d supersymmetryJH the two models are very 
similar, representing two different UV finite fermionic extensions of the same interacting 



23 This can be shown, e.g., by using 4 complex combinations ji of 7-matrices as in [ 10 1 and 
writing S = ipi*/*eo + c.c, where eo is a constant spinor satisfying 7^0 = 0. 

24 In fact, any model with one complex scalar field and K species of fermions (generalising 
the K = 1 ( |5.14| ) and K = 2 ( |5.13| ) models) with the Yukawa coupling -y==m [r]'(z) ipkL^kR + 
rj'*{z*) ipkL^ka] (k = b i s a l so UV finite. The cancellation of divergences can be readily 
checked by repeating the argument given in section 5.2 (note that only single fermionic loop may 
contribute to the divergences). As a quick check of numerical coefficients one may consider the case 
of r](z) = z and explicitly integrate out ip* L and ip% in the path integral, getting a second-derivative 
action for ipL and i/jr, whose contribution cancels the bosonic action contribution. 

25 In particular, the vacuum energy on the cylinder does not vanish. In the 1-loop approxima- 
tion: Ex = YZ=x (Qn + 2Vn 2 + M 2 -An-A^n 2 + ±M 2 ), where M 2 = ±m 2 |?/(zo)| 2 (z =const). 
This is to be compared to E\ = V^^°_ 1 (6n + 1\J ri 2 + M 2 — 6n — 2\/n 2 + M 2 ) = in the super- 
symmetric model (|5.14|). 
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bosonic theory with potential V = m 2 |?7(,?:)| 2 . For the special choices of rj(z) for which the 
bosonic theory (|5.11| ) and its 2-d supersymmetric version ( |5.14j ) are integrable, the same 
integrability property is likely to be shared also by the theory (|5.13[) . 

With this motivation in mind we discuss in the next section two examples of the 
holomorphic functions i](z) which correspond to integrable models. As a preparation for 
the study of string spectrum of these models we shall make some remarks on the solutions 
of the Laplace equation in the corresponding metrics. 



6. Examples related to integrable models 

Let us consider some examples of the R-R light-cone gauge models parametrized by 
holomorphic functions in the case of the n = 1 model ( |5.11| ),( |5.12| ), where interaction 
terms depend on only one complex coordinate field z± = z. An arbitrary holomorphic 
function r/(z) which enters (|5.11|) , (|5.12|) or ( |5.13|) can be chosen, as in flQj] , to represent an 



integrable 2-d theory. We shall discuss two examples of r](z) for which the corresponding 
(2,2) supersymmetric theories ( |5.14| ) are the N = 2 super sine-Gordon model []33| and the 



N = 2 super Liouville model |34[]. Since the bosonic parts of Q5.14Q and ( |5.13|) are the 



same, these examples are of interest also in the non-supersymmetric case of the model 

(HI). 

6.1. N = 2 super Sine-Gordon case 

Choosing r](z) as (z = X\ + zx 3 , cu=real) 

r](z) = smuz , i.e. rj = sin uxi coshwa^ + icoswa;i sinha;^ , (6.1) 

the bosonic part of the GS Lagrangian ( |5.11| ),( |irT3| ) becomes the same as the bosonic part 
of the N = 2 super sine-Gordon model ( |5.14|) . 

To get some elementary information about states of this theory which may be useful 
for future studies, here we shall determine the form of the simplest massless scalar vertex 
operator (i.e. the effective masses of scalar states in the supergravity part of the string 
spectrum). The discussion below applies also to the case of the model of |TD[ corresponding 



to the same pp-wave metric ( j2.1| ) supported not by the F3 but by an F5 background. 
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Let us consider a scalar fluctuation \1/ belonging to the massless supergravity multiplet, 
which obeys the curved-space Klein-Gordon equation.il Using eq. ( |3.1| ), we get 

d^VGWdv)* = [Ad u d v - 4K(z, z*)d 2 v +df]y = 0. (6.2) 



For the N = 2 sine-Gordon model ( |6.1| ) K (which is also the bosonic potential in 2-d 
model) is given by 

1 1 

K = — -| sm(ujz)\ 2 = — — [cosh(2wa;3) — cos(2wxi)] . (6-3) 



The general solution of (|6.2| ) can be obtained as a linear combination of the waves 

w = e i Pu u+ip v v+ip s x s j( Xl )^( X3 ) ? ( 6 .4) 

where x s stand for the remaining free coordinates, and / and g satisfy 

/" (xi) + [a + V l cos(2^xi)] / = , (6.5) 

9 N M + [e - pi cosh(2wx 3 )]5r = , (6.6) 

4p uPv +p 2 s +a + e = . (6.7) 

Eq. ( |6.5|) is the well-known Schrodinger equation for the quantum pendulum, and its 
general solution is expressed in terms of Mathieu functions. If X\ is non-compact then 
the parameter a takes continuous values. When x\ is compact and has period x\ = 
x\ + 2n/u, there is a discrete spectrum of "Kaluza-Klein" momentum modes. Since the 
vertex operator must be a single- valued function of x±, the Mathieu functions which are 



solutions of (|6.5|) should be 2tc/uj periodic in xi. This is the case for certain values of a 
- the Mathieu characteristic eigenvalues - which thus determine the momentum modes in 
this sector. 

The second equation ( |6.6|) for ^(^3) describes bound states. Its general solution is 
also expressed in terms of Mathieu functions (the associated Mathieu functions of the first 



26 In general, the scalar anomalous dimension operator (D 2 + ...) that appears in the equation 
for the vertex operator may receive a'-corrections (see, e.g., [p5| , |36|1 and refs. there). For example, 
for the "null" NS-NS background in question Q2.1| ),( |2^ ) in the bosonic string case one would 
get corrections like H^ a ^ i H l ' a pD ' v = 2(dib m ) 2 d 2 , etc. However, in the superstring case such 
corrections are likely to vanish in an appropriate scheme. 
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kind) . It is easy to find the energy eigenvalues using the WKB approximation. The WKB 
formula gives 

f x o 1 1 e 

1 = 2 dx\/ e — pi cosh(2a;x) = [n + — )tt , xq = — arccosh— . (6.8) 
Jo 2 2uj p v 

The integral is expressed in terms of an elliptic function, 



I = -2i^-^- e(iwx , -n) , fi = ^^r. (6.9) 



For e ^> p^ , we can approximate (|Of) by 



V^i e / , 1 
— log -j ~ {n + - 
w p% 2 



/« ^log— w (n + -)tt . (6.10) 



This determines the eigenvalues e = e n for large n. 

The light-cone energy, i.e. the value of the light-cone Hamiltonian on the correspond- 
ing supergravity (i.e. "massless" string) states is then given by 

H = -p u = ^- + ^- (a + e n ) . (6.11) 

QPv QPv 



As was noted above, in the case of compact X\ = X\ + the parameter a takes a discrete 
set of values a = a r for which the Mathieu equation (63) admits periodic solutions. The 



energy of the physical states in this sector is then given by ( 6.11 ) with a — > a r , i.e. is 
parametrized in terms of the transverse momentum p s , and two integer numbers r and n, 
i.e. H = H(p s , r, n). 

6.2. N = 2 super Liouville case 

The super Liouville model was studied in the past, e.g., in the context of non-critical 
string theory [57 1. The pp-wave framework of [ 10 1 and the present paper allows one to 



embed a model with a Liouville potential into string theory as a light-cone gauge theory 
corresponding to an exact string solution with constant dilaton field. 

The super Liouville model is obtained by choosing rj(z) as (z = x\ + ixs, /3=real) 

r]{z) = e pz , i.e. 77 = e^ 1 cos/3x 3 + ie^ 1 sin/3x 3 , K = -- e 2f3xi . (6.12) 

One can also get Toda-type potentials by using more general models of section 3 with 
suitably chosen holomorphic functions r\ a . 
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In the case of the NS-NS background the bosonic part of the corresponding covariant 
Lagrangian (|4.5[) takes the following explicit form 



L = d + ud-v — -e 2f3xi d + ud-u + d + xid-Xi + d + x 3 d-Xs + d + x s d-x s 

+ e l3xi cos Pxs(d + ud-X2 — d + X2d-u) — e l3xi sin /3x 3 (<9 + 'u<9_X4 — d+x^d-u) , (6.13) 

where x s stand for the remaining free bosonic coordinates. 

In the R-R case, the light-cone GS Lagrangian is given by ( |5.11|) , ( |5.12|) (or by ( |5.13|) ) 

L B = d + xid-Xi — -m 2 e 2/3xi + d + x 3 d-X S + d + x s d-X s , (6.14) 
2 

L F = i9 R j v d + e R + i6 Ll v d-6 L 

- -im e pXl cos/3x 3 6» L7 " 7 12 P6' fl + \im e pXl wx0x 3 6 Ll v ^P6 R . (6.15) 

According to the discussion in section 5, the fermion couplings here are different (cf. ( |5.14| ) 
and (|5.13|) ) from those of the N = 2 super Liouville model, which itself can be obtained 



from the pp-wave background with Fs-field of [10]. 

As in the sine-Gordon case, one gets two different models, depending on whether x\ 
is compact or non-compact. In the case of compact x\, the semi-classical regime of the 
Liouville model corresponds to large radius, whereas the quantum regime corresponds to 
small radius. In the later regime, as was pointed out in ||10|| , a more convenient description 
is in terms of a mirror theory. In the case of the N = 2 sine-Gordon theory, the mirror is 
a deformed CP 1 model, and it was argued in [TO] that the mirror background cannot be a 



solution of supergravity as massive string modes are apparently excited. In the case of the 



N = 2 Liouville theory the mirror was shown |38|] to be equivalent to the £X(2, R)/U(l) 
Kazama-Suzuki model, which is a supersymmetric generalization of the 2d black hole 
model. It may be that in the super Liouville case the identification of a string background 
corresponding to the mirror theory is more direct. 

Let us now follow section 6.1 and consider the form of the massless scalar vertex 
operator in the N = 2 super Liouville theory case. The vertex operator is again given by 
eq. ( |6.4| ), now with g(xs) = e W3Xa , and with f(xi) determined by the following differential 
equation 

/" + (^2 _ 2 p 2 v e 2 ^)f = , v 2 (? = -(p 2 + 4p uPv ) . (6.16) 
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The general normalisable solution is given in terms of the Bessel functions I v 

f{x 1 ) = i[l_Uce^)-I iv {ce^)] , c = V2^. (6.17) 

The parameter v takes continuous real values and represents momentum of the incom- 
ing/outgoing wave at x — > — oo. At x — > oo, the wave is suppressed exponentially due to 
the Liouville potential. The light-cone energy of this state is thus 

H = -p u = ^-(p 2 s + u 2 (3 2 ) . (6.18) 
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